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Abstract: The paper presents a scaling approach to the analysis of coercivity. The
Widom-based procedure of coercivity scaling has been tested for non-oriented electrical
steel. Due to insufficient results, the scaling procedure was improved relating to the
method proposed by Van den Bossche. The modified procedure of coercivity scaling
gave better results, in comparison to the original approach. The influence of particular
parameters and a range of measurement data used in the estimations on the final effect of
the coercivity scaling were discussed.
Key words: coercivity, hyperbolic tangent transformation, scaling procedure

1. Introduction
Coercivity (or coercive field) is defined as the value of an external magnetic field, which is
required to reduce the magnetization of the sample from saturation to zero. The range of coercivity determines the type of magnetic material (soft, semi-hard or hard). This phenomenon is also
correlated with hysteresis losses and the distribution of impurities in magnetic materials [1].
Coercivity is a very important magnetic parameter in technical applications. Thereby its
modeling is a field of theoretical and practical research. Coercivity can be expressed as the
frequency dependence:
1

H c ( f ) = H 0 + B ⋅ (H 0 ⋅ f ) n ,

(1)

where H0 is the static coercivity, B and n are the coefficients depending on the microstructure,
intrinsic parameters and geometry of the materials [2-4]. In general, the frequency dependence
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of coercivity (1) has the power law form, that may suggest its scaling properties [5, 6]. The
scaling behavior of coercivity in thin magnetic films and multilayers has been investigated e.g.
in papers [7-9], however scaling exponents and factors were obtained from individual fitting
to experimental data for different excitation parameters. Thereby, the scaling exponents and
factors did not have universal values. The assumptions of the data collapse and coercivity
scaling with universal values of scaling parameters are investigated in the presented paper for
non-oriented electrical steel.

2. Methods
2.1. The scaling analysis of coercivity
The proposed scaling analysis of coercivity made use of the Widom procedure, which was
previously applied in the power loss modeling of soft magnetic materials [10-11]. The Widom
procedure is based on the hypothesis that a functional dependency describing the scaling
phenomenon is a generalized homogenous function, defined as follows:
∃a, b, c : ∀λ > 0 f (λa1 x1 , λa 2 x2, ..., λa n xn ) = λ p f ( x1 , x2, ..., xn ).

(2)

In general, the scaling analysis has two fundamental areas of prediction: data collapse and
scaling laws [12], which can be used in the modeling of the analyzed phenomena.
In our approach, the coercivity dependence on magnetizing frequency and peak induction
in the form of HC ( f, Bm) was assumed. This form of coercivity dependence was determined
from our measurements. It was also proposed in [13]. After the scaling transformations, the
following relationship of scaled coercivity was proposed:

H C Bmδ = H 0 + H 1 ⋅ ( f Bmε ) + H 2 ⋅ ( f Bmε ) + ...,
2

(3)

where H0, H1, H2 are amplitudes, while δ and ε are so-called scaling exponents. The aforementioned scaling transformations were described in detail in [5, 6]. Taking into account the
frequency dependence of the coercivity given by (1), the relationship (3) was reduced to:
H C Bmδ = H 0 + H 1 ⋅ ( f Bmε ).

(4)

The relationship (4) should allow one to obtain the data collapse of all coercivity measurements, for the appropriately estimated amplitudes and scaling exponents. The parameters were
estimated from the measurement data using the least-square method. The measurements were
carried out according to the international IEC 404 Standards, which requires the sine
waveform of magnetic induction inside the samples [14, 15]. Values of coercivity were determined from hysteresis loops, measured at the frequency range from 5 to 400 Hz and for
induction with amplitude varying from 0.1 to 1.6 T. The measurements and calculations have
been made by the computer-aided Single Sheet Tester MAG-RJJ-2.0. The result of the coercivity scaling for non-oriented electrical steel is depicted in Figure 1. A quite large deviation

Vol. 64 (2015)

353

The modified procedures in coercivity scaling

of the scaled measurements from the theoretical curve of the data collapse given by (4) can be
noticed. It may suggest that magnetic coercivity is not subjected to scaling analysis or that the
scaling procedure should be modified.

Fig. 1. The Widom-based scaling transformation of coercivity measurements
for non-oriented electrical steel

2.2. The hyperbolic tangent modification of the scaling procedure
In order to improve the scaling procedure for coercivity, the method proposed in [16, 17]
and used recently in the scaling of core losses under nonsinusoidal flux waveforms and DC
bias conditions [18], has been applied. According to this method, the coercivity has been
projected on the magnetization using the hyperbolic tangent transformation, as follows:
H C → tanh (d ⋅ H C − r ) ,

(5)

or in a more general form:
HC →

∑ a ⋅ (tanh(d ⋅ H
i

− ri )) ,
i

C

(6)

i

where ai, d and ri are free parameters to be estimated. The parameter r can be interpreted as
a location of a single domain. Moreover, the small phenomenological tuning parameters x and
z were introduced into the relationship (6) in order to enable a natural correction of the exponents [18]. Finally, the modified relationship for the scaled coercivity was proposed:

∑ a ⋅ (tanh(d ⋅ H
i

i

Bmδ

C

− ri ))

i ⋅(1- x )

= H0 +

∑
j

⎛ f ⎞
H j ⋅⎜ ε ⎟
⎝ Bm ⎠

j ⋅(1- z )

,

where j denotes the number of terms of the Maclaurin series used in the computations.

(7)
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2.3. Estimation algorithms
The modified relationship of the scaled coercivity (7) is composed of many parameters that
need to be determined. These parameters were estimated from the coercivity measurement
data using the least-square method, which has been implemented in Microsoft Excel as well as
in Fortran environments. The estimation algorithm in Excel was based on the Solver tool with
the Generalized Reduced Gradient method of nonlinear optimization, whereas in the case of
Fortran the quasi-Newton method of minimization was applied. The parameter estimation was
implemented in two computing environments in order validate estimation results, i.e. to check
whether local or global minimum of the analyzed relationship for coercivity scaling has been
achieved. In both algorithms the starting values of the estimated parameters, besides the
tuning parameters x, z, were randomly generated. The starting values of the x, z parameters
were fixed at 0, because for these values the relationship (7) takes the classical form of the
Maclaurin series. It allows us to investigate a range of a natural correction of the exponents as
well as to determine how these parameters affect the results of coercivity scaling. It should be
noted that the starting values of the x, z different form 0 were also considered in the parameter
estimation – however it resulted in worse results of coercivity scaling.

3. Results and discussion
A structure of the relationship (7), proposed for the scaled coercivity, makes it possible to
generate less or more complex formulas, consisting of a diverse number of parameters. In
order to find the optimum solution for coercivity scaling as well as to examine the influence of
the particular parameters on the effect of coercivity scaling, different formulas – starting from
more complex to simpler ones – have been tested. The initial formula consisted of five amplitudes (H0, H1 … H4) and five free parameters ai, ri as well as tuning parameters z, x. In the next
steps, the formulas with decreasing number of amplitudes or parameters were analyzed. The
quality of coercivity scaling for the tested formulas was evaluated using the following criteria:
1) average error δAv – the computed average of all percentage errors of the coercivity scaling
(i.e. the discrepancy between the measured and theoretical values of scaled coercivity),
2) estimation coefficient ΔE – the sum of relative errors of coercivity scaling, which indicates
how biased the estimation of parameters is,
3) coefficient of determination R2 – a kind of statistical measure, which indicates how well
the data points fit a model (as R2 is closer to 1, the model fits is better).
In our computations over 20 formulas for coercivity scaling were tested, which resulted in
a very similar visualization of the coercivity scaling, i.e. the distribution of the scaled data
points around the data collapse curve. The best scaling results were obtained for three formulas with the following structure:

∑ a ⋅ (tanh(d ⋅ H
i

i

Bmδ

C

− r ))

i
2

⎛ f ⎞
⎛ f ⎞
= H 0 + H1 ⋅ ⎜ ε ⎟ + H 2 ⋅ ⎜ ε ⎟ ,
⎝ Bm ⎠
⎝ Bm ⎠

(8)
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for i = 1, i = 2 and i = 3, respectively. The relationship (8) has a limited range of application
Bm > 0, because for Bm = 0 it has a singular point, which may gives non-physical results.
The structure of the relationship (8) directly indicates that: 1) increasing the number of amplitudes Hi doesn’t improve the effect of coercivity scaling, whereas further reduction of
amplitudes results in the linearization of the relationship and thereby in the breaking down
of coercivity scaling, 2) increasing the number of free parameters ri doesn’t affect the scaling
quality, and 3) tuning parameters z and x have a negligible influence on coercivity scaling, due
to their low values (close to zero).
The values of quality criteria δAv, ΔE and R2, calculated for the considered structures of the
relationship (8), are compared in Table 1.
Table 1. Quality criteria of coercivity scaling given by the relationship (8)
Structure of relationship (8)

δAv (%)

ΔE (–)

R2 (–)

i=1

0.381

0.00031

0.9925

i=2

0.312

0.00019

0.9962

i=3

0.407

0.00090

0.9829

The best sets of quality criteria of coercivity scaling were obtained for i = 2, but differences between their values were very small (especially for i = 2 and i = 1). Therefore, for the
further considerations the relationship (8) for i = 1 was chosen:
a ⋅ tanh(d ⋅ H C − r )
⎛ f
= H 0 + H1 ⋅ ⎜ ε
Bmδ
⎝ Bm

2

⎛ f ⎞
⎞
⎟ + H2 ⋅⎜ ε ⎟ ,
⎝ Bm ⎠
⎠

(9)

because the impact of the proposed simplification on the results of coercivity scaling is negligible. Moreover due to simpler structure of (9), it is easier to find analytically the inverse
function with respect to HC, comparing to the case for i = 2 or 3. Thereby, the prospective use
of the simplified relationship (9) in coercivity modelling should be simpler.
The scaling parameters of the relationship (9), estimated using different algorithms, are
compared in Table 2.
Table 2. The scaling parameters estimated by different algorithms
Scaling parameters

Algorithms of parameter estimation
excel based

fortran based

* (–)

−1.688⋅10−3

−1.693⋅10−3

g (–)

−1.051

−1.049

a (A /m)

1.703

1.710

d (m/A)

−1.843⋅10−4

−1.833⋅10−4

−0.843

−0.837

r (–)
δ

H0(A/m⋅T )

1.168

1.172

H1(A A Tg – */m AHz)

−4.698⋅10−5

−4.722⋅10-5

H2(A A T2g – */m AHz2)

6.478⋅10−8

6.465⋅10-8
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Minor discrepancies between their values confirm that the parameters have been correctly estimated as well as a global minimum of the analyzed relationship has been achieved. A visualization of coercivity scaling given by the relationship (9) is depicted in Figure 2.

Fig. 2. The modified scaling transformation of coercivity measurements for non-oriented electrical steel

Much better agreement between the scaled coercivity data and the collapse curve can be
observed in Figure 2, compared to the previous study presented in Figure 1. It indicates that
the proposed modification of the scaling procedure was successful and that significant improvement in coercivity scaling was obtained, as well. However, it should be noted that some
scaled data points show noticeable deviations from the data collapse curve for higher values of
the scaled frequency fscal. It might result from the following reasons: 1) two or more so-called
classes of universality with different sets of parameters exist in the analyzed frequency range,
thus the estimated parameters are valid only in a limited range of the frequency, or 2) the
considered data points have been measured with higher errors compared to the other ones.
In order to verify the first presumption, the scaling parameters were estimated from
separate sets of measurement data, related to the scaled frequency ranges lower and higher to
fscal = 75 Hz/Tε, respectively. The scaling results obtained for the range of higher frequencies
are depicted in Figure 3.
The distribution structure of the scaled data points and their deviations from the collapse
curve are very similar to the case of the full frequency range. Moreover, the scaling parameters have comparable values for all frequency ranges considered in the estimation algorithms, which is presented in Table 3. It proves that all the measurement data belongs to the
same class of universality. Thus, the analyzed cause is not responsible for the observed deviation of the scaled data points.
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Fig. 3. Distribution structure of scaled data points for higher frequencies

Table 3. The scaling parameters for different sets of measurement data
Scaling parameters

δ (−)

Frequency range
5-400 (Hz)
−1.69⋅10

−3

5-100 (Hz)
−1.70⋅10

100-400 (Hz)

−3

−1.67⋅10−3

ε (−)

−1.05

−1.05

−1.05

A (A/m)

1.70

1.70

1.70

D (m/A)

−4

−4

−2.07⋅10−4

−1.84⋅10

−1.83⋅10

R (−)

−0.84

−0.84

−0.84

H0 (A/m⋅Tδ)

1.17

1.17

1.17

−5

−5

−5.14⋅10−5

7.58⋅10−8

8.32⋅10−8

H1 (A ⋅ T

(ε − δ)

/m⋅Hz)

H2 (A ⋅ T(2ε − δ)/m⋅Hz2)

−4.70⋅10

6.48⋅10−8

−4.63⋅10

In the next step, the data points with noticeable deviations were identified. It should be stated,
that these data points were measured in specific conditions, i.e. at low frequency and high
peak induction or at high frequency and low peak induction. Therefore, the considered data
points were probably measured with higher errors, related to the limitations of the measuring
system. These data points were eliminated from the estimation of the scaling parameters. This
process had no influence on the values of the scaling parameters. The results of the coercivity
scaling obtained for the reduced range of measurement data are depicted in Figure 4, in which
further improvement in the coercivity scaling is noticed. These results point towards measurement errors as a source of observed discrepancies.
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Fig. 4. The modified scaling transformation of coercivity measurements for non-oriented electrical steel
in the case of reduced measurement data

4. Conclusions
In the paper, the modified procedure for coercivity scaling using the hyperbolic tangent
transformation has been proposed. This procedure was examined for non-oriented electrical
steel (M330-35A grade) and compared to the previous results, obtained for the Widom-based
scaling. The use of the modified scaling procedure resulted in the decreasing of deviations of
the scaled measurement data from the theoretical curve of data collapse.
The proposed formula of coercivity scaling has a general form, which is composed of
many free parameters to be estimated. In order to find the optimum solution of coercivity
scaling, over 20 formulas with different numbers of scaling parameters were tested. It allowed
us to examine the influence of the particular parameters on the coercivity scaling results, as
well. It was revealed that only some parameters have the crucial influence on the scaling
results, whereas the other ones may be neglected.
It should be noted that all tested formulas of coercivity scaling resulted in a very similar
distribution of the scaled data points around the data collapse curve. This fact as well as the
final results of the coercivity scaling allowed us to conclude, that magnetic coercivity is subjected to the scaling analysis in the assumed excitation conditions. Moreover, the data collapse
of the coercivity depicted in Figure 4 indicates the universal nature of the estimated scaling
parameters.
Future research will be focused on testing the proposed procedure of coercivity scaling for
soft magnetic materials with different internal structures such as amorphous, micro- and nanocrystalline ones. Moreover, the proposed procedure for coercivity scaling will be tested for
sample exposed to non-sine waveform of magnetic induction. Prospective applications of the
modified scaling analysis in coercivity modeling will also be examined.
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