Copyright c 2013 by PAN – IPPT

ARCHIVES OF ACOUSTICS
Vol. 38, No. 3, pp. 335–350 (2013)

DOI: 10.2478/aoa-2013-0040

Analysis of Spectral Characteristics of Sound Waves Scattered
from a Cracked Cylindrical Elastic Shell Filled with a Viscous Fluid
Olexa PIDDUBNIAK(1) , Nadia PIDDUBNIAK(2)
(1)

Faculty of Process and Environmental Engineering, Lodz University of Technology
Wółczańska 213, 90-924 Łódź, Poland
(2)
Lviv, Ukraine
e-mail: piddub@wp.pl

(received April 17, 2012; accepted April 3, 2013 )
The scattering of plane steady-state sound waves from a viscous ﬂuid-ﬁlled thin cylindrical shell weakened by a long linear slit and submerged in an ideal ﬂuid is studied. For the description of vibrations of
elastic objects the Kirchhoﬀ–Love shell-theory approximation is used. An exact solution of this problem is
obtained in the form of series with cylindrical harmonics. The numerical analysis is carried out for a steel
shell ﬁlled with oil and immersed in seawater. The modules and phases of the scattering amplitudes versus
the dimensionless wavenumber of the incident sound wave as well as directivity patterns of the scattered
ﬁeld are investigated taking into consideration the orientation of the slit on the elastic shell surface. The
plots obtained show a considerable inﬂuence of the slit and viscous ﬂuid ﬁller on the diﬀraction process.
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1. Introduction
The acoustic diagnostics of pipelines with natural gas or oil is one of the important problems of the
safety of transportation of these substances and of the
preservation of the environment (Makino et al., 2001).
The methods of non-destructive testing of underwater pipelines are continuously developed (Mohamed
et al., 2011). One of these methods is the long distance acoustic identiﬁcation of the defects in underwater pipeline shells.
The echo-signals reﬂected from the thin circular
cylindrical with a long linear slit elastic shell empty
inside were investigated by Goldsberry (1967),
Piddubniak (1995), Piddubniak et al. (2009), Porokhovski, (2008), and for case of the air-ﬁlled shell
are described in the article of Kerbrat et al. (2002).
On the other hand, the problem of sound scattering by cylindrical viscous ﬂuid-ﬁlled shells was considered in many works. And so Kachaenko et al.
(1990) had investigated the three-dimension problem
of sound diﬀraction from orthotropic elastic cylindrical shells with a viscous ﬂuid inside on the base of
the Timoshenko thin elastic shell theory. The sound
diﬀraction from the viscoelastic polymer hollow cylin-

ders and spheres ﬁlled with viscous ﬂuids was analyzed
by Hasheminejad, Safari (2003). Kubenko et al.
(1989) considered the diﬀraction of sound pulses from
coaxial piezoceramic cylindrical shells also ﬁlled with
a viscous ﬂuid. The wave guided properties of elastic
cylindrical shells containing the viscous ﬂuids were investigated by Vollmann, Dual (1997).
The aim of our paper is the study of the spectral
structure of sound waves reﬂected from a thin elastic
cylindrical shell surrounded by an ideal compressible
ﬂuid (sea water) and ﬁlled with a compressible viscous
ﬂuid (oil) in case when the shell is weakened by an inﬁnitely long linear slit. We show that the slit present
in the shell causes three additional components in the
scattering amplitude connected with tangential, angular and radial vibrations of the shell edges on the crack.
On the basis of the conclusions from this analysis we
make an attempt to estimate the possibility of hydroacoustic diagnostics of oil-pipelines of this type.

2. Formulation of the problem
and basic relations
Let us consider in the acoustic medium a thin cylindrical elastic shell of thickness h and a radius a of the
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middle surface weakened along the θ = θ0 line by an
inﬁnitely long slit. The plane harmonic sound wave incidents on the shell with the phase front parallel to the
axis of the object (Fig. 1). The shell is ﬁlled with a viscous barotropic compressible ﬂuid, in general moved in
the axial direction.

∇ ≡ grad is the Hamilton operator of gradient
∇ ≡ ir

∂
1 ∂
+ iθ
,
∂r
r ∂θ

(3)

ir and iθ are the unit vectors in the polar system of coordinates. The harmonic
factor exp(−iωt) is neglected
√
in this paper, i = −1.
The particles displacement vector usc (r, θ, ω) in the
outer acoustical medium is connected with the pressure
psc (r, θ, ω) as follows (Brekhovskikh, Godin, 1989):
usc (r, θ, ω) =

1
∇psc (r, θ, ω) (r > a),
ρω 2

(4)

where ρ is the density of the outer ﬂuid.
In particular, for the radial component of the displacement vector we obtain
wsc (r, θ, ω) =

1 ∂psc (r, θ, ω)
.
ρω 2
∂r

(5)

The vibrations of the thin elastic cylindrical
shell are described by the Kirchhoﬀ-Love equations
(Pidstryhach, Shvetz, 1978)
N2 (θ, ω) −
Fig. 1. Scheme of the interaction of sound wave and elastic
shell ﬁlled with viscous ﬂuid.

The sound waves reﬂected from the surface of the
shell, as well as the waves re-radiated through the shell
from the ﬂuid ﬁller, generate an acoustic scattered
ﬁeld. Therefore, it is necessary to study the spectral
structure of the scattered sound waves, in particular,
to investigate the inﬂuence of slit in shell and its orientation with respect to the direction of the incident
wave, and also to take into consideration the presence
of the viscous ﬂuid ﬁller.
For the description of the wave process we use the
linear acoustic theories of ideal and viscous ﬂuids and
the linear Kirchhoﬀ–Love theory of thin elastic shells.
From the ﬁrst one, it is noted that the inﬂuence
of the ﬂuid motion in the tube must be neglected in
the echo-signal because the front of the incident sound
wave is parallel to the direction of this motion (Yeh,
1968).
The pressure in the reﬂected wave is described
by the Helmholtz equation (Brekhovskikh, Godin,
1989)
(∆ + k 2 )psc (r, θ, ω) = 0 (r > a),
(1)
where k is the wave number of the ideal acoustical
ﬂuid, k = ω/c, ω is the circular frequency, r and θ are
the polar co-ordinates with an origin at the axis of the
shell, c is the sound velocity in the outer ﬂuid, ∆ is the
Laplace operator
∆≡∇·∇=

∂2
1 ∂
1 ∂2
+
+
∂r2
r ∂r r2 ∂θ2

(2)

∂Q2 (θ, ω)
= ρs ω 2 ahw(θ, ω)
∂θ
+ aqr (θ, ω),

(6)

∂N2 (θ, ω) 1 ∂M2 (θ, ω)
+
= −ρs ω 2 ahv(θ, ω)
∂θ
a
∂θ
− aqθ (θ, ω),
(7)
where N2 (θ, ω) is the outer normal stress resultant in
the shell, M2 (θ, ω) is the stress couple, Q2 (θ, ω) is the
resultant shear stress, v(θ, ω) is the angular component
of the displacement vector in the shell, w(θ, ω) is the
radial component of this vector, qr (θ, ω) and qθ (θ, ω)
are the radial and angular components of the outer
force vector, respectively, ρs is the material density of
shell.
For these characteristics, the following physical and geometrical relations are accomplished
(Pidstryhach, Shvetz, 1978):


D1 ∂v(θ, ω)
N2 (θ, ω) =
+ w(θ, ω) ,
(8)
a
∂θ
M2 (θ, ω) = −

D2 ∂ϑ(θ, ω)
,
a
∂θ

1 ∂M2 (θ, ω)
,
a
∂θ


1 ∂w(θ, ω)
ϑ(θ, ω) =
− v(θ, ω) ,
a
∂θ

Q2 (θ, ω) =

(9)
(10)
(11)

where D1 and D2 are the tension and bending stiﬀness
of the shell material, respectively
D1 =

Eh
,
1 − ν2

D2 =

Eh3
,
12(1 − ν 2 )

(12)
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E is the Young modulus, ν is the Poisson number,
ϑ(θ, ω) is the angle of the shell middle surface rotation.
For the description of sound propagation in the viscous barotropic ﬂuid, we use the Navier-Stokes equations, which formally (in the harmonic regime of vibrations) coincide with equations of the theory of elasticity, but with the Lamé constants λf and µf depending on the frequencies of vibrations (Landau, Lifsitz,
1987; Brekhovskikh, Godin, 1989):


2
2
λf (ω) = ρf cf + iω
ηf − ζf ,
3
(13)

where

wf (r, θ, ω) =

∂Φ(r, θ, ω) 1 ∂Ψ (r, θ, ω)
+
,
∂r
r
∂θ

(14)

vf (r, θ, ω) =

1 ∂Φ(r, θ, ω) ∂Ψ (r, θ, ω)
−
,
r
∂θ
∂r

(15)

1
r



1
+ kf2 T ,
2

(21)

There, the following boundary conditions must be
added to the Eqs. (1), (6), (7), (16), and (17):

µf (ω) = −iωηf ,
where ρf is the density of the viscous ﬂuid, cf is the
sound velocity for the adiabatic process, ηs is the ﬁrst
(shear) viscosity, ζf is the second (volume) viscosity.
Then the radial wf and angular vf components of
the displacement vector in the viscous cylinder can be
represented in the following form (Achenbach, 1973):



∂
∂2
+2 2
∂r
∂θ


1 ∂
1
L2 ≡
−
.
r ∂r r
L1 ≡

qr (θ, ω) = −[ptot (a, θ, ω) + σf r (a, θ, ω)],

(22)

qθ (θ, ω) = −τf r (a, θ, ω),

(23)

w(θ, ω) = wtot (a, θ, ω) = wf (a, θ, ω),

(24)

v(θ, ω) = vf (a, θ, ω).

(25)

Here
ptot (r, θ, ω) = pinc (r, θ, ω) + psc (r, θ, ω),

(26)

wtot (r, θ, ω) = winc (r, θ, ω) + wsc (r, θ, ω)
are the total sound ﬁelds, which contain the sum of
incident and scattered waves.
Next, we also assume that the shell edges on the
slit θ = θ0 are free from loadings, i.e.

where Φ(r, θ, ω) and Ψ (r, θ, ω) are longitudinal and
shear elastic ﬁeld potential functions, which satisfy the
following wave equations:

N2 (θ0 ± 0, ω) = 0,
Q2 (θ0 ± 0, ω) = 0,

(27)

(∆ + kf2 L )Φ(r, θ, ω) = 0 (0 < r < a),

(16)

M2 (θ0 ± 0, ω) = 0.

(∆ + kf2 T )Ψ (r, θ, ω) = 0 (0 < r < a).

(17)

3. The method of solution of the problem

Here kf A = ω/cf A (A = L, T ) are the wave numbers in
the viscous ﬂuid, cf L is the longitudinal wave velocity
and cf T is the shear wave velocity, which are deﬁned
from the relations:
s
λf (ω) + 2µf (ω)
cf L ≡ cf L (ω) =
,
ρf
(18)
s
µf (ω)
cf T ≡ cf T (ω) =
.
ρf
Using the connections between the components of the
stress tensor, the vector of displacement (Achenbach,
1973), and the formulas (14), (15), we obtain the following necessary relations (Pidstryhach, Piddubniak, 1986):
σf r (r, θ, ω) = 2µf (ω)


∂Ψ (r, θ, ω)
· −L1 Φ(r, θ, ω)+L2
, (19)
∂θ
τf rθ (r, θ, ω) = 2µf (ω)


∂Φ(r, θ, ω)
· L2
+L1 Ψ (r, θ, ω) ,
∂θ

(20)

Suppose the plane wave of acoustical pressure incidents on the cylindrical elastic shell
pinc (x, ω) ≡ pinc (r, θ, ω) = p0 eikx = p0 eikr cos θ , (28)
where p0 is the constant value of the dimension of pressure.
The expression (28) can be represented as the
Fourier-Bessel complex series (Bateman, Erdélyi,
1953; Felsen, Markuvitz, 1973)
pinc (r, θ, ω) = p0

∞
X

im Jm (kr)e−imθ

m=−∞

(r ≥ a, 0 ≤ θ ≤ 2π) (29)
and similarly from Eq. (5)
1 ∂pinc(r, θ, ω)
ρω 2
∂r
∞
p0 X m ′
=
i Jm (kr)e−imθ
ρω 2 m=−∞

winc (r, θ, ω) =

(r ≥ a, 0 ≤ θ ≤ 2π),

(30)

338

Archives of Acoustics – Volume 38, Number 3, 2013

′
Jm (kr) and Jm
(kr) are the Bessel functions of m-th
order and its derivative over argument, respectively.
The solution of the Eq. (1) for the sound waves
scattered from the shell may be represented in the form

with 0≤ r ≤ a, 0 ≤ θ ≤ 2π and
′
χ1m (kf A r) = kf A Jm
(kf A r),

1
Jm (kf A r),
r


1
M
χ3m (kf A r) = − kf2 T + 2 Jm (kf A r)
2
r
(39)
1
′
− kf A Jm (kf A r),
r


1
1
′
χ4m (kf A r) =
− Jm (kf A r) + kf A Jm
(kf A r)
r
r
χ2m (kf A r) =

∞
X

psc (r, θ, ω) =

(1)
psm Hm
(kr)e−imθ

m=−∞

(r ≥ a, 0 ≤ θ ≤ 2π) (31)

and the particle radial displacement in the scattered
sound ﬁeld is obtained from Eq. (5) as
wsc (r, θ, ω) =

∞
1 X
(1)′
psm Hm
(kr)e−imθ
ρω 2 m=−∞

(A = L, T ; M = m2 ).

(r ≥ a, 0 ≤ θ ≤ 2π), (32)

(1)′

(1)

where Hm (kr) and Hm (kr) are the Hankel functions
of second kind and m-th order and its derivate over argument, respectively; psm are the unknown quantities.
Similarly, we obtain the solutions of Eqs. (16) and
(17) for the inner ﬂuid viscous cylinder
Φ(r, θ, ω) =

∞
X

Φm Jm (kf L r)e

Ψ (r, θ, ω) =

−imθ

m=−∞

(0 ≤ r ≤ a, 0 ≤ θ ≤ 2π), (33)

(0 ≤ r ≤ a, 0 ≤ θ ≤ 2π), (34)

where Φm and Ψm are the unknown quantities.
Substituting the relations (33), (34) to the Eqs.
(14), (15), and (23)–(25) we obtain (Pidstryhach,
Piddubniak, 1986):
[Φm χ1m (kf L r)

m=−∞

+M Ψm χ2m (kf T r)] e−imθ ,
vf (r, θ, ω) = − i

∞
X

(35)

m [Φm χ2m (kf L r)

m=−∞

+Ψm χ1m (kf T r)] e−imθ ,
σf r (r, θ, ω) = 2µf (ω)

∞
X

(36)

[Φm χ3m (kf L r)

m=−∞

+M Ψm χ4m (kf T r)] e−imθ ,
τf rθ (r, θ, ω) = − 2µf (ω)i

∞
X

(37)

m [Φm χ4m (kf L r)

m=−∞

+Ψm χ3m (kf T r)] e−imθ ,

(38)

fm e−imθ (0 ≤ θ ≤ 2π),

(40)


 θ −δ
Z2π
Z0
1
lim 
f (θ)eimθ dθ 
f (θ)eimθ dθ +
=
2π δ→0
0

Ψm Jm (kf T r)e−imθ

m=−∞

wf (r, θ, ω) =

such that
fm

∞
X

∞
X

f (θ) =

m=−∞

∞
X

For the solution of the equations of the shell theory we use the distribution of unknown functions in
the Fourier series over the angular variable θ. However, there must be taken into consideration that these
functions and their ﬁrst derivates are continuous, possibly except the discontinuities of the ﬁrst kind at point
θ = θ0 . Therefore,

θ0 +δ

(m = 0, ±1, ±2, ...). (41)

For this reason, applying the operator

2π
R

(...)eimθ dθ to

0

the Eqs. (6) and (7) we obtain (Piddubniak, 1995)
2πN2m −[Q2 ]eimθ0 + 2πimQ2m

= 2π(ρs ω 2 ahwm + aqrm ),

(42)

1
2πim
[N2 ]eimθ0 −2πimN2m + [M2 ]eimθ0 −
M2m
a
a
= −2π(ρs ω 2 ahvm + aqθm ),
(43)

where [f ] = f (θ0 −0)−f (θ0 +0) is the jump of function
f (θ) resulting from transition through the slit in the
shell.
From Eqs. (8)–(11), the following equations can be
obtained in the same way:

D1
2πN2m =
[v]eimθ0 − 2πimvm + 2πwm , (44)
a

D2
[ϑ2 ]eimθ0 − 2πimϑ2m ,
a

1
=
[M2 ]eimθ0 − 2πimM2m ,
a

2πM2m = −

(45)

2πQ2m

(46)

2πϑ2m =


1
[w]eimθ0 − 2πimwm − 2πvm .
a

(47)
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The Eqs. (42), (43) and (46) contain the jumps
of normal stress resultant N2 (θ, ω), the stress couple
M2 (θ, ω) and shear stress resultant Q2 (θ, ω), which in
consequence of carrying out the boundary conditions
(27), are zeros:

From the Eq. (54), the quantities psm are obtained as

(48)

and from the system of equations (55) and (56) the
quantities Φsm and Ψsm may be written as

[N2 ] = [M2 ] = [Q2 ] = 0.
Next, we introduce the deﬁnitions
1
Wm =
[w]eimθ0 ,
2π
1
Vm =
[v]eimθ0 ,
2π
a
Tm =
[ϑ2 ]eimθ0 ,
2π
Θm = Tm − imWm .

psm =

(49)

Ψm

a2
= imVm − imεΘm −
qθm ,
D1
(50)
im(1 + εM )vm + (x210 − 1 − εM 2 )wm
a2
qrm ,
D1

where
h2
,
12a2
s

c10 =

x10 = k10 a,
E
= 2cT
ρs (1 − v 2 )

k10 =
s

c2
1 − T2 ,
cL

qrm = − {p0 i Jm (x) +

∆m = a2 [χ1m (xfL )χ1m (xfT )
− M χ2m (xfL )χ2m (xfT )].

Substituting Φsm and Ψsm into the expressions for the
quantities qrm and qθm (52), (53) we obtain after some
transforms:

(51)

(1)
psm Hm
(x)

−

where x = ka, xf A = kf A a (A = L, T ).
Next, from the conditions (24), (25) and Eqs. (30),
(32), (35), (36) we have

2µf
[wm f1m (xfT , xfL )
∆m

+ imvm f2m (xfT , xfL )],
qθm = −

f1m (xf A , xf B ) = a3 [χ1m (xf A )χ3m (xf B )
− M χ2m (xf A )χ4m (xf B )],
f2m (xf A , xf B ) = a3 [−χ2m (xf A )χ3m (xf B )

(56)

(63)

+ χ1m (xf A )χ4m (xf B )]

1
′
(1)
[p0 im Jm
(x) + psm Hm
(x)], (54)
ρcω

vf m = vm
im
′
= − [Φm Jm (xfL ) + Ψm xfT Jm
(xfT )].
a

(62)

with

′

(55)

(61)

2µf
[imwm f2m (xfL , xfT )
∆m

− vm f1m (xfL , xfT )]

qθm = − 2iµf m [Φm χ4m (xfL ) + Ψm χ3m (xfT )]}, (53)

wf m = wm
1
′
= [Φm xfL Jm
(xfL ) + M Ψm Jm (xfT )],
a

(60)

(1)
qrm = − [p0 im Jm (x) + psm Hm
(x)]

+ 2µf [Φm χ3m (xfL ) + M Ψm χ4m (xfT )]}, (52)

wtot,m = wm =

(58)

where

ω
,
c10

c10 is the velocity of the shell elastic wave connected
with the plate mode of shell vibrations (Metsaveer
et al., 1979), k10 is the wave number for this mode.
Now, we write the expressions for the quantities
qθm and qrm . On the basis of the boundary conditions
(22), (23) and Eqs. (261 ), (29), (31), (37), (38), (40),
(41), we ﬁnd
m

1
[wm χ1m (xfT ) − imvm χ2m (xfL )],
∆m


1
i
−wm χ2m (xfT ) + vm χ1m (xfL )
=
∆m
m

(57)

(m 6= 0), (59)

vm − im(1 + εM )wm

ε=

′
[ρcωwm − p0 im Jm
(x)]

Φm =

Then taking into account the Eqs. (42)–(48), we obtain
the following system of equations:

= Vm − εM Θm −

1
(1)′
Hm (x)

(A, B = L, T ; A 6= B).
Now, using the expressions (57) for psm and the expressions (61), (62) for qrm and qθm , the equations (50) can
be reduced to the systems of equations in vm and wm :
L11m vm + L12m wm = imVm − imεΘm ,
L21m vm +

L022m wm

= Vm − εM Θm + gm ,

(64)
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where

The substitution of wm into the expression for psm (57)
yields
2ip0 ξ0 Dwm
,
(71)
psm = p0sm +
(1)′
πHm (x) Dm

2aξf 0
f1m (xfL , xfT ),
∆m


2aξf 0
= −im 1 + εM +
f2m (xfL , xfT ) ,
∆m


2aξf 0
= im 1 + εM −
f2m (xfT , xfL ) ,
∆m

L11m = x210 − (1 + ε)M +
L12m
L21m

L22m =

x210

where the quantities
p0sm = −p0 im

2aξf 0
− 1 − εM −
f1m (xfT , xfL ),
∆m
2

(1)

L022m = L22m + zm ,
gm = κ0 gem ,

2ip0 a2
,
πD1 x

2
a
cfT
= Nf s
,
h
c10

κ0 =

ξf 0

Ns =

ρ
,
ρs

zm = −xξ0
gm =
e

Hm (x)
(1)′

Hm (x)

,

(65)

im

,
(1)′
Hm (x)

2
a
c
ξ0 = Ns
,
h
c10

Nf s =

∞
X

em}. (66)
{vm , wm , ϑm , Vm , Θm} = κ0 {e
vm , w
em , ϑem , Vem , Θ

After transformation, the system of Eqs. (64) leads to

(67)

Solving these equations we obtain the connections between the quantities e
vm and w
em , on the one hand, and
em , on the other hand
the characteristics Vem and Θ

where

w
em =

1
(Dvm − L12m gem ),
Dm

1
(Dwm + L11m gem ),
Dm

∞
X

(69)

Dwm = (L11m − imL21m )Vem

em ,
− (M L11m − imL21m )εΘ

0
Dm
= L11m L22m − L12m L21m ,

+ AN pm e
gm ]e−imθ0 = 0,

em
[AMV m Vem + AMΘm Θ

(73)

m=−∞

∞
X

m=−∞

+ AMpm gem ]e

−imθ0

= 0,

em
m[AMV m Vem + AMΘm Θ

+ AMpm gem ]e−imθ0 = 0,

where
AN V m = 1 +

(68)

1
[M L022m + im
Dm

· (L12m − L21m ) + L11m ],
AN Θm = εAMV m ,
AMV m = −

1
(1)
[xξ0 L11m Hm
(x)
(1)′
Hm (x)
0
(1)
− Dm
Hm
′(x)],
em ,
− (imL022m − M L12m )εΘ

(72)

em
[AN V m Vem + AN Θm Θ

Dm = −

Dvm = (imL022m − L12m )Vem

(1)′

m=−∞

Similarly as the expression for gm , the unknown
characteristics can be written as

vem =

(1)

0 H
ξ0 xL11m Hm (x) − Dm
m (x)

represent the case of the shell without slit.
For the estimation the inﬂuence of the slit on the
spectral structure of the acoustical echo-signal, it is
em (W
fm ,
necessary to ﬁnd the quantities Vem and Θ
e
Tm ), which are contained in the expressions for Dvm
and Dwm . The conditions, with the help of which
these quantities may be determined, are obtained from
Eq. (27).
First, let us calculate the quantities N2m , M2m
and Q2m from Eqs. (44)–(46), (49) and next from the
Eqs. (66), (68)–(70) and (40). The system of linear
em
algebraic equations with unknown quantities Vem , Θ
f
e
(Wm , Tm ) is obtained:

ρf
.
ρs

em ,
L11m vem + L12m w
em = imVem − imεΘ
em + e
L21m vem + L22m w
em = Vem − εM Θ
gm .

0 ′
ξ0 xL11m Jm (x) − Dm
Jm (x)

1
[M L022m + im
Dm

· (M L12m − L21m ) + M L11m ],
AN pm =
(70)

1
(imL12m + L11m ),
Dm

AMpm = −

1
(imL12m + M L11m )
Dm

AMΘm = 1 +

εM 0
[L
+ im
Dm 22m

· (L12m − L21m ) + M L11m ].

(74)
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From the deﬁnitions (49) and (66), it follows that
f2 ]
fm , Tem }e−imθ0 = 1 [e
{Vem , W
v , w,
e ϑ
2π
f0 , Te0 }.
= {Ve0, W

(75)

Then, from the Eqs. (73) we obtain the system of equaf0 :
tions with the quantities Ve0 , Te0 , W
A11 Ve0 + A12 Te0 = B1 ,
A21 Ve0 + A22 Te0 = B2 ,
∞
X

A12 =

∞
X

∞
X

εm p0sm cos(mθ)

m=0

+

∞
(1)
X
2
Hm (kr)
ip0 ξ0
(1)′
π
m=0 Hm (x)Dm

f0 sin[m(θ − θ0 )]}. (80)
+ εm(M L11m − imL21m )W

εm AMV m ,

This formula is obtained taking into consideration the
Bessel function property in the Eq. (72) and the equality p0s,−m = (−1)m p0sm .
For the farﬁeld case (r → ∞) the following asymptote for the Hankel function of ﬁrst kind must be used
(Bateman, Erdélyi, 1953):

AN Θm = εA21 ,

m=1

A22 =

psc (r, θ, ω) = 2

− ε(M L11m − imL21m )Te0 ] cos[m(θ − θ0 )]

m=0
∞
X

f0 and
Having the expressions for quantities Ve0 , W
Te0 , from the Eqs. (31), (70)–(72), (75), (79), we can
determine the complex amplitude of the acoustic pressure in the scattered sound wave:

·{[(εm L11m − imL21m )Ve0

f0 = B3 ,
A33 W

where
A11 =

(76)

εm AMΘm ,

m=0

A33 =

∞
X

M AMΘm ,

(1)
Hm
(kr)

(77)

2(−i)m
≈ √
πxi

m=1

B1 = −
B2 = −
B3 = −

∞
X

m=0
∞
X

m=1
∞
X

m=1

AMpm gem cos(mθ0 ),

AMΘ,−m = AMΘm ,

AN p,−m = AN pm ,

AMp,−m = AMpm ,

AMV 0 = 0,

(78)

AN Θ0 = 0,

Solving the Eqs. (76) and (77) we obtain

B1 A21 − B2 A11
Te0 = −
,
A11 A22 − εA221

f0 = B3 .
W
A33

Here f0 (θ, k) is the scattering amplitude for the case
of the shell without slit:
∞
4 X
f0 (θ, k) = − √
εm
πix m=0

·

0 ′
ξ0 xL11m Jm (x) − Dm
Jm (x)
(1)

(1)′

0 H
ξ0 xL11m Hm (x) − Dm
m (x)

cos(mθ)

(84)

and fv (θ, k), fϑ (θ, k), fw (θ, k) are the disturbances in
the scattering amplitude caused by the tangential, v,
angular, ϑ, and radial, w, displacements of the shell
edges on the slit, respectively:

AMp0 = 0.

B1 A22 − εB2 A21
Ve0 =
,
A11 A22 − εA221

(81)

f (θ, k) = f0 (θ, k) + fv (θ, k) + fϑ (θ, k) + fw (θ, k). (83)

Here εm = 1−0.5δm0 , δm0 is the Kronecker symbol,
and following properties are used as well:

AN Θ,−m = AN Θm ,

a ikr
e .
2r

where f (θ, k) is the scattering amplitude:

mAMpm gem sin(mθ0 ).

AMV,−m = AMV m ,

r

Then, for the acoustic pressure in the scattered ﬁeld
we have
r
a
psc (r, θ, ω) ≈ p0
f (θ, k)eikr ,
(82)
2r

εm AN pm gem cos(mθ0 ),

AN V,−m = AN V m ,
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(79)

∞
8iξ0 e X
fv (θ, k) = − √
V0
(−i)m
π πix m=0

·

(εm L11m − imL21m ) cos[m(θ − θ0 )]
(1)

(1)′

0 H
ξ0 xL11m Hm (x) − Dm
m (x)

, (85)
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∞
8iξ0 ε e X
fϑ (θ, k) = √
T0
(−i)m
π πix m=1

·

(M L11m −imL21m ) cos[m(θ−θ0 )]
(1)

(1)′

0 H
ξ0 xL11m Hm (x)−Dm
m (x)

∞
8iξ0 ε f X
W0
fw (θ, k) = − √
(−i)m
π πix
m=1

·

Next, we obtain the dimensionless wave numbers
for the viscous ﬂuid in the complex form (Dwight,
1957):
,

m(M L11m −imL21m ) sin[m(θ−θ0 )]
(1)

(1)′

0 H
ξ0 xL11m Hm (x)−Dm
m (x)

(86)

. (87)

It should be noted that here

xfL =

ωa
xf
xf
=p
=√ p
cfL
1−(8/3)ixf nf
2 1+(8xf nf /3)2
"r
q
×
1 + (8xf nf /3)2 + 1
#
rq
+i
1 + (8xf nf /3)2 − 1 ,

h
c2
ξ0 ε =
Ns 2 .
12a c10

4. Numerical calculations and analysis of results
The numerical calculations have been performed
for the case of the steel shell with radius a = 1 m
and wall thickness h = 0.025 m, for which ρs =
7900 kg/m3 , cL = 5240 m/s, cT = 2978 m/s, c10 =
4901 m/s (Anson, Chivers, 1981).
The shell is immersed in seawater of parameters:
ρ = 1000 kg/m3 , c = 1410 m/c (Hickling, Means,
1968; Artobolevski, 1976).
The shell has been ﬁlled with an oil. In the general case, the density of the viscous ﬂuid and the
sound velocity in this substance depend on temperature, pressure and frequency of vibrations (Litovitz,
Davis, 1965; Meng et al., 2006; Dukhin, Goetz,
2009; Tittmann, 2011). The density of this ﬂuid had
varied in the limits from 650 to 1040 kg/m3 . We select the middle value from this range ρf = 870 kg/m3
corresponding to the oil of the 30WeightOil type for
room temperature 25◦ C1 . For this temperature, the
dynamical viscosity equals ηf = 0.110 Pa·s. In addition, cf = 1300 m/s (Åseng, 2006).
In respect to the volume viscosity, it the approximate equality ζf ≈ 4ηf /3 may be used for oil
(Taşköprülü et al., 1961). Then, from Eqs. (13) we
obtain


2
λf (ω) = ρf c2f − iωνf ,
3
(88)

xfT =

r

xf
(1 + i),
2nf

xf =

(90)
ωa
,
cf

(91)

where nf = νf /(cf a) is the dimensionless kinematic
viscosity.
It should be noted that performing the calculations
we have applied the technique of elimination of the numerical instabilities of the Bessel functions with complex arguments in the same manner as it was done by
Anson, Chivers (1993).
Figures 2 a and b present the dependence of the real
and imaginary parts of the dimensionless longitudinal
wave numbers xfL for the oil versus the dimensionless
wave numbers for seawater. As seen the imaginary part
a)

b)

µf (ω) = −iωρf νf ,

where νf = ηf /ρf is the kinematic viscosity: νf =
1.26 · 10−4 m2 /s.
Next, from the Eqs. (18) the wave velocities in a
viscous ﬂuid may be written as
r
8
cfL = c2f − iωνf ,
3
(89)
p
cfT = −iωνf .
1 Oil

Viscosity/ZplusTM Tech Brief #13, 2008, June 29, 1–11,
www.zddplus.com/TechBrief13%20-%20Oil%20Viscosity.pdf.

Fig. 2. The dependences of dimensionless complex longitudinal wave number xf L in the oil on the dimensionless
wave number in seawater x: a) Re(xf L ); b) Im(xf L ).
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is very small in the considered frequency range, i.e.
the attenuation of longitudinal waves is slight. Another
type of behavior are observe in Fig. 3, where a similar
dependence is presented for the dimensionless shear
wave numbers. In this case, the real and imaginary
parts of the wave numbers have the same values and
increase quickly as the sound frequency increases (proportional to the square root of the frequency). Thus,
the shear waves are characterized by great attenuation.
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The same characteristics, but for the case of the
shell weakened by a slit, aregiven in Figs. 5–9 for
θ0 = 0◦ , 45◦ , 90◦ , 135◦, and 180◦ , respectively. The
comparison of the plots in these ﬁgures and Fig. 4
demonstrates the resonance nature of the sound wave
diﬀraction from objects of both types. However, large
diﬀerences must be noted in the resonance amplitudes
excited in consequence of the present slit and the vibrations of the elastic shell edges. Moreover, additional
resonances arise that are caused by the surface wave
propagation on the elastic shell. These waves, running
on the shell periphery from one slit boundary to the
other one, radiate sound energy into the surroundings including the “back” direction. The amplitudes
of these resonances depend on the slit location.

Fig. 3. The dependence of dimensionless complex shear
wave number xf T in the oil on the dimensionless wave number in seawater x: Re(xf T ) = Im(xf T ).

The module of the scattering amplitude |f (θ, k)| (it
is known as “form-function”) calculated in the “back”
direction, i.e. for θ = 180◦ versus dimensionless frequency in the range 0 < x < 30 for the case of shell
without a slit, is shown in Fig. 4. It is seen that this
amplitude contains many oscillations caused by superposition of the scattered waves arriving to the observation point with the diﬀerence phases. Another feature characterizing the sound scattering is the large
quality of sharp peaks and dips aroused by the contribution of vibrations of the shell with a viscous
liquid ﬁller to the eigen frequencies. Thus, the ﬁgure shows the eﬀects of the resonance acoustic scattering (Gaunaurd, Werby, 1990; Veksler, 1993;
Kaplunov et al., 1994, 1998; Belov et al., 1999).

Fig. 5. Form-function |f (π, k)| of defected steel shell ﬁlled
with oil and surrounded in seawater vs x = ka (θ0 = 0◦ ).

Fig. 6. Form-function |f (π, k)| for θ0 = 45◦ .

Fig. 4. Form-function |f0 (π, k)| of non-defected steel shell
ﬁlled with oil and surrounded in seawater vs x = ka.

Fig. 7. Form-function |f (π, k)| for θ0 = 90◦ .
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Fig. 8. Form-function |f (π, k)| for θ0 = 135◦ .

Fig. 10. Phase of backscattering far-ﬁeld amplitude
φ0 (π, k) = arctg[Imf0 (π, k)/Ref0 (π, k)]| of non-defected
shell vs x = ka.

Fig. 9. Form-function |f (π, k)| for θ0 = 180◦ .

Figures 10–15 show the phase of the scattering
amplitude φ(θ, k) = arctan[Imf (θ, k)/Ref (θ, k)], from
which visually can be noted the resonance character of
the sound diﬀraction and crack inﬂuence on the scattering process.
The inﬂuence of slit orientation on the spectral
wave structure is illustrated in more detail in Fig. 16
for the scattering function phase portraits calculated
for the “back” direction and the frequency range
0.001 ≤ x ≤ 30. From these plots it is seen how the
localization of the defect is reﬂected in the phase of
echo-signal. The small loops in the displayed plots (in
the form of small “circulars”) for the case of shell with
defect correspond to the signals with small amplitude
and are caused by the particular vibrations of the shell
edges.
Figures 17 represent the space distribution of the
form-function |f (θ, k))| (in dB) at one of resonance frequency x = 5.459 for the case of shell without and with
defect for some slit positions: θ0 = 0◦ , 45◦ , 90◦ , 135◦,
180◦. For the case of the cracked shell this characteristic is non-symmetrical with respect to the direction
θ = 180◦ (or for θ = 0◦ ) and the asymmetry is most
noted in “light” side of the object.
The directivity patterns D(θ, k) = |f (θ, k)|/
|f (π, k)| are presented in Figs. 18. The numerical calculations have been performed using the same parameters as above. We see here that the main part of the
scattered acoustic energy is located in the “forward”

Fig. 11. Phase φ(π, k) = arctg[Imf (π, k)/Ref (π, k)]|
of defected shell vs x = ka (θ0 = 0◦ ).

Fig. 12. Phase φ(π, k) = arctg[Imf (π, k)/Ref (π, k)]|
for θ◦ = 45◦ .

Fig. 13. Phase φ(π, k) = arctg[Imf (π, k)/Ref (π, k)]|
for θ0 = 90◦ .
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Fig. 14. Phase φ(π, k) =arctg[Imf (π, k)/Ref (π, k)]|
for θ0 = 135◦ .
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Fig. 15. Phase φ(π, k) = arctg[Imf (π, k)/Ref (π, k)]|
for θ0 = 180◦ .

Fig. 16. Phase portraits of backscattering amplitude for 0.001 ≤ x = ka ≤ 30.

346

Archives of Acoustics – Volume 38, Number 3, 2013

Fig. 17. Space distribution of module of scattering amplitude |f (θ, k)| (in dB) for x = 5.459.
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Fig. 18. Directivity pattern D(θ, k) = |f (θ, k)|/ |f (π, k)| for x=5.459 for diﬀerent position of slit.
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Fig. 19. Form-function |f (π, k)| (in dB) vs angular variable of slit position θ0 for diﬀerent x = ka.
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direction. The calculation also indicates that directivity pattern reaches its maximum for θ0 = 90◦ . In this
case the side lobes of this characteristic are the most
ones as well.
One further approach, which have been applied
consists in the calculation of the form-function |f (θ, k)|
(in dB) in the “back” direction versus the slit location
θ0 . From the plots displayed in Figs. 19 for diﬀerent
frequencies x = 2, 5, 10, 15, 20, 30, it follows that
having the value of the echo-signal amplitude on the
transducer the slit location on the shell may be determined with very precision.

5. Conclusions
In this article we have presented the mathematical
model of the scattering of plane harmonic sound waves
from thin elastic cylindrical shells ﬁlled with a compressible viscous ﬂuid and weakened by a long linear
crack. The exact solution, i.e. the complex amplitude
of the acoustic pressure, is found in the form of inﬁnite
Fourier-Bessel series.
On the basis of the solution obtained and the numerical calculations carried out for the case of the steel
shell ﬁlled with oil and surrounded by seawater, it is
shown that the spectrum of the scattered acoustic pressure is formed as the result of the resonance wave reﬂection from the object. These resonances are caused
by shell vibrations on the eigen frequencies. The new
additional eﬀects are contributions to the resonance
scattering caused by tangential, angular and radial vibrations of the free shell edges of the slit.
The numerical calculations show also that the presence of the slit is most visible in the low dimensionless frequency range, i.e. approximately in the range
0 < x < 10.
The analysis of amplitudes and phases of the scattered sound pressure, the pattern directivity and inﬂuence of slit location on the scattering characteristics
show the possibility of distance acoustic identiﬁcation
of cracked shells of the oil pipeline.
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