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MELTING POINT OF METALS IN RELATION IO ELECTRON CHARGE DENSITY

TEMPERATURA TOPNIENIA METALI W ODNIESIENU DO PRZESTRZENNEJ GĘSTOŚCI
ŁADUNKU ELEKTRONÓW W ATOMIE

The concept of spatial criterion of the electron charge concentration is applied to determine the metal melting point. Based on
the model proposed for bcc metals, a model for hcp metals and general form for others has been developed. To calculate the melting
point, only structural data and atomic number are required. The obtained results show good consistency with the experimental data
for metals with atomic number Z < 70.
Keywords: Melting point; Thermal analysis; Structure analysis; Metals

Praca stanowi rozwinięcie koncepcji kryterium przestrzennej koncentracji ładunku elektronowego jako miary temperatury
topnienia metalu. Na bazie modelu zaproponowanego dla metali o sieci bcc został opracowany model dla metali o sieci hcp. Do
obliczenia temperatury topnienia wymagane są jedynie dane strukturalne i liczba atomowa. Uzyskane wyniki wykazują dobrą
zgodność z danymi eksperymentalnymi dla metali o liczbie atomowej Z < 70.

1. Introduction
In [1] the theoretical possibility of determining the melting point of bcc metals was mentioned. The method used basic
crystal lattice parameters and the atomic number of metal. In this
study, an attempt was made to further develop the aforementioned
method and calculate the melting point of hcp metals. Bcc and
hcp structures exhibit certain similarities in their crystallography,
i.e. both have two atoms per unit cell. Other parameters are,
however, different [2,3]:
– coordination number of hcp structure = 12 and of bcc = 8,
– angular symmetry – hcp cell base is of a rhombic shape,
and bcc cell base is of a square shape,
– dimensional symmetry – hcp unit cell is described with two
different constants, i.e. a and c,
– the coordination number of hcp metals with c/a other than
1.633 divides the group into two 6 + 6 subgroups with different length of the lattice constants,
– the atomic packing factor is 68% for bcc and 74% for hcp,
– bcc phase is usually the last high-temperature phase in

a metal structure, while hcp phase is mostly transient (only
10 metals and metallic hydrogen can keep hcp structure
within the whole range of existence of the solid phase),
– interatomic bonding in metals with hcp structure is of
a mixed type with a significant share of covalent part.
Because of these differences, slightly different approach to
the problem of the melting point calculation has been adopted
for hcp metals than for bcc metals [1]. Theoretical calculation
method were applied for analysis of solidification process and
phase transformation [4,5].

2. Methods & calculations
Symbols used in the text and their meaning:
ρel. [nm–3] – spatial concentration of the electron charge,
Z – atomic number, a [nm] – length of an edge in a basis of
a unit cell, c [nm] – height of the hexagonal prism, b [nm] – the
smallest bcc lattice constant (corresponding to the constant
a in hcp lattice), x [nm] – lattice constant in the coordination
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subgroup for hcp lattice with c/a ratio different from the ideal
one (for c/a = 1.633; x corresponds to a), Vat [nm3] – volume
belonging to a single atom, Thcp [K] – melting point of hcp metals, Tbcc [K] – melting point of bcc metals.
For the purpose of this analysis, the spatial criterion of the
electron charge concentration ρel, discussed in previous article
[1], has been used:

ȡel =

Z
4 §a·
ʌ¨ ¸
3 ©2¹

Data of hcp metals arranged according
to the increasing c/a ratio [2,3,7,8]

(1)

3

The electron charge concentration was calculated for a simplified model of structure based on the spheroidal symmetry. The
atomic radius was assumed to be ½ interatomic distance along
the <11-20> direction. It is the direction parallel to the edge a of
the hexagonal unit cell. As in the case of bcc structures [1], also
now it has been observed that the melting point of hcp metals is
proportional to the ratio:
Thcp | ȡel |

TABLE 1

Z
Vat

(2)

In the next step, the space occupied by a single atom was
estimated. In most hcp metals, the c/a ratio differs from the ideal
value of 1.633. The result is the existence of two coordination
subgroups (6 + 6) [6]. Therefore it was decided to introduce an
ellipsoid for the description of the space occupied by a single
atom. Arms of this ellipsoid define the lattice constants a and x for
both coordination sub-groups. The quantity x has been defined as:
2
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where
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Thcp =
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Tbcc =

2

(4)

The preliminary rough calculations were based on equation
given in [1] with the Vat parameter of the space volume occupied
by a single atom adapted to hcp structure:
Thcp

2Z
2

4 §a· x
ʌ¨ ¸
3 ©2¹ 2

=

12Z
ʌa 2 x

(5)

The structural data of metals necessary to perform the
calculations are compared in Table 1. The analysis covers the
elements for which the hcp phase remains stable within the entire
range of existence of the solid phase.
Careful analysis of the results obtained with equation (5)
showed significant discrepancies due to the differences in c/a
parameters of individual metals. To correct these discrepancies,
an additional term allowing for a change in the c/a ratio was
introduced:

Thcp =

12Z
ʌa 2 x

/N

(6)

(6a)

The adjustment was of purely phenomenological nature and
enabled obtaining good consistency between the experimental
results and theoretical calculations for the whole range of the
c/a values reported. Detailed analysis of changes in the values
of a-x has showed, that within the whole range of its occurrence
the difference was always less than 2%, meaning that the value
of a/x was close to 1. Appropriate simplifications gave equation
(7). For comparison equation (8) obtained for bcc metals was
presented [1].

The volume Vat has been described as an ellipsoid:
4 §a· x
Vat = ʌ ¨ ¸
3 ©2¹ 2

3

3

2Z
a3

(7)
(8)

3. Results and conclusions
The aim of equation (8) was to compare the melting point
of bcc metals [1]. To make this comparison easier, both equations, i.e. (7) and (8), were converted to the form using the
smallest lattice constant as a measure of the side of a cube in
the space occupied by one atom. By transformation of equation
(7) assuming that a = c /1.633 and equation (8) assuming that
the smallest bcc lattice constant is b = 0.866a, the following
equations were obtained:

Thcp =
Tbcc =

0.866Z
a3
1.299Z
b3

(9)
10)

The ratio of 1.299/0.866 = 1.50, which is exactly an equivalent of inverse proportion of coordination numbers (8bcc /12hcp)–1.
The coordination number is equal to a hypothetical number of
equally-important directions of bond formation for a single atom
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Fig. 1. The results of calculations based on equation (7) compared with the experimental data. Melting points are shown as a function of the
atomic number Z

in a crystal lattice. The real number of possible bond directions
is equal to 12 only in respect of metals with c/a ratio close to
ideal one 1.633. In case of other metals it can assume intermediate values from the range of 6 to 12. The lowest values may be
reached for zinc and cadmium with the largest deviation from
1.633. The large variation of c/a ratio from the ideal value causes
significant discrepancies in distances between the central atom
and its coordination atoms laying in basal plane and in parallel
planes. As a result, a decreased number of the closest neighbors
of the atom to the level of 6 occurs and, as a consequence,
a change of interatomic bond structure takes place. The described
changes adequate to the coordination number and c/a ratio can
be correlated obtaining equation (11):
0.6ln 1.633 
Thcp |

2

0.866a c

c
Z
a

|

X hcp
Vhcp unit cell

Z

(11)

Tbcc |

X bcc
Z
Vbcc unit cell

(12)

where X is a structural factor including symmetry and distribution
of interatomic bonds in metal structure. Xhcp for hcp metals gets
values from the range 0.82 (Cd) to 2.79 (Mg). For comparison,
the Xbcc value for bcc metals (equations 8 and 12) is equal to 2
[1]. The equation (11) includes moreover restriction for ideal hcp
structure (c /a = 1.633), not existing in nature. The argument of
natural logarithm function must be greater than zero. The value
closest to zero is observed for metallic hydrogen, the phase that
exists at ultra high pressure.
The final results received by application of equation 11 are
presented in Figure 2.
For comparison, the results obtained for bcc metals [1]
are inserted.

Fig. 2. The results of calculations based on equation (11) compared with the experimental data. Melting points are shown as a function of the
atomic number Z
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4. Summary
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Tmelting point | X symmetry, bonds model

Z metal
Vmetal unit cell
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